We derive a closed-form solution for the price of a European call option in the presence of ambiguity about the stochastic process that determines the variance of the underlying asset's return. The option pricing formula of Heston (1993) is a particular case of ours, corresponding to the case in which there is no ambiguity (uncertainty is exclusively risk). In the presence of ambiguity, the variance uncertainty price becomes either a convex or a concave function of the instantaneous variance, depending on whether the variance ambiguity price is negative or positive. We nd that if the variance ambiguity price is positive, the option price is decreasing in the level of ambiguity (across all moneyness levels). The opposite happens if the variance ambiguity price is negative. This option pricing model can be used to address various empirical research topics in the future.
Introduction
We derive a closed-form solution for the price of a European call option in the presence of ambiguity about the stochastic process that determines the variance of the underlying asset's return.
Since the seminal works of Black and Scholes (1973) and Merton (1973) , the option pricing literature had an impressive development: models with stochastic variance of the underlying asset's return (e.g., Hull and White (1987) , Johnson and Shanno (1987) , Wiggins (1987) , Scott (1987) , Stein and Stein (1991) , Heston (1993) ), models with jumps in the underlying asset's price process with and without stochastic interest rate (e.g., Merton (1976) , Bates (1996) , Bakshi et al. (1997) ), models with jumps in both the price and the variance processes (e.g., Due et al. (2000) and Barndor-Nielsen and Shephard (2001) ), jumps with nite activity (e.g., Bates (2000) and Pan (2002) ) and innite activity
In this paper, we derive a closed-form solution for the price of a European call option when: (i) the underlying asset return's variance is stochastic and correlated with the spot asset return and (ii)
there exists ambiguity about the variance stochastic process.
The major motivation for developing a stochastic variance option pricing model is the empirical evidence supporting the stochastic nature of risky assets return's variance (e.g., Eraker et al. (2003) and Eraker (2004) ). Moreover, assuming stochastic variance allows to obtain more realistic return distributions, namely with higher kurtosis than that of the normal distribution (as assumed in Black and Scholes (1973) ), non-zero skewness (negative skewness in case of a negative correlation between shocks in the return and in its variance, and positive skewness for positive correlation) and implied volatility surfaces closer to those observed in reality. It is also recognized in the literature (Bakshi et al. (1997) ) that the most signicant improvement over the model of Black and Scholes (1973) came from the introduction of stochastic variance. Once this is done, introduction of stochastic interest rates or jumps bring marginal improvements. The trade-o for obtaining a more realistic model is that stochastic variance option pricing models are more dicult to calibrate and, in most of the cases, are only approximately solved through time consuming numerical methods.
Regarding the source of ambiguity in our setting, the stochastic process of the variance, it has been advocated in the literature (Cao et al. (2005) , Garlappi et al. (2007) and Ui (2011) ) that it is reasonable to assume that investors estimate the variance of the risky asset's return without ambiguity, and that it is preferable to assume ambiguity about expected returns. Reasons invoked for this are analytical tractability, empirical evidence on the predictability of the variance of stock returns (Bollerslev et al. (1992) ), higher diculty in estimating the expected returns versus expected variance (Merton (1980) ) and higher costs associated with errors in estimating expected returns versus expected variance (Chopra and Ziemba (1993) ).
Nevertheless, we assume ambiguity about the stochastic process for the variance of the risky asset's return because: (1) the stochastic process of variance is a relevant option pricing input and there is no a priori reason to assume that investors are not ambiguous about it; (2) the expectation of variance under statistical-econometric methods isn't the sole relevant indicator of variance in the nancial world, with the option-implied variance frequently diering both in level and dynamics from the statistical measure (e.g., Todorov (2010) and Drechsler and Yaron (2011) ).
Our starting point is the stochastic variance option pricing model of Heston (1993) , which is a well established model in the option pricing literature, oering a good trade-o between analytical and computational tractability and empirically realistic assumptions and results. Heston's (1993) option pricing model has a closed-form pricing formula, without imposing any restriction regarding the correlation between the underlying asset return and its variance.
4 Moreover, Heston's (1993) setting accounts for relevant stylized facts in nancial data (apart from stochastic variance) as non-normal distribution of the assets returns, leverage eect (negative correlation between return and variance in some asset classes) and volatility clustering. Additionally, Black-Scholes option implied volatility surfaces generated by Heston's model are closer to those empirically observed (see, for example, Mikhailov and Nogel (2003) ).
The option pricing formula obtained in this paper diers from that in Heston (1993) exclusively because a more general specication for the variance uncertainty price is considered. Our variance uncertainty price specication takes into account the ambiguity about the variance stochastic process, being decomposed in two components: a variance risk price and a variance ambiguity price. It is shown that the model of Heston (1993) can be obtained as a particular case of our option pricing model, when ambiguity does not exist. The specication of the variance uncertainty price used in this jump component in the economy's endowment process. Those rare events are the exclusive source of ambiguity. In their model, the price of the underlying asset of the European option follows a jump-diusion process with no stochastic variance, and the European option pricing formula established in Merton (1976) is used.
4 Rigorously speaking, the option pricing model of Heston (1993) delivers a semi closed-form solution, as it includes two integrals that cannot be evaluated exactly. They can however be approximated by using some numerical integration methods, such as Gauss-Lagendre or Gauss-Lobatto integration. Notwithstanding, Heston's option pricing formula is said to be a closed-form solution. The option pricing formula obtained in this paper will also be designated as a closed-form solution in this wider sense.
paper is theoretically motivated by the general equilibrium model of Faria and Correia-da-Silva (2012) , where ambiguity is formally introduced through a constraint preferences robust control methodology.
However, it is important to highlight that the option pricing formula obtained in the present paper is reached through an arbitrage approach and does not depend on the remaining assumptions in the model of Faria and Correia-da-Silva (2012) .
We therefore obtain a closed-form solution for the price of a European call option when the underlying asset return's variance is stochastic, correlated with the asset's spot return, and when there exists ambiguity about the stochastic process of the variance. This is the main result of the paper. We provide an illustration by simulating our option pricing model using the same calibration as Heston (1993) .
We nd that if the variance ambiguity price is positive (negative), ambiguity about the variance's stochastic process leads to a decrease (increase) of option prices. Additionally, analyzing the impact of the correlation between shocks in the spot asset return and its variance, we conclude that when the variance ambiguity price is positive, ambiguity about the variance stochastic process implies, across all moneyness levels, a relative increase of option prices generated by our model versus those obtained under the Black and Scholes (1973) model with comparable variance. The opposite happens when the variance ambiguity price is negative.
In our view, this paper brings two major contributions: (1) it is the rst time that ambiguity aversion within an option pricing problem with stochastic variance is considered, and where the latter's process is the source of ambiguity and (2) it is obtained a closed-form solution for an extension of the model of Heston (1993) which allows a non-linear specication for the variance uncertainty price. We present some empirical research topics that we foresee as interesting to explore in the future on the back of our ambiguity-based option pricing model.
The paper is organized as follows. In section 2, the European call option closed-form solution is deducted. In section 3 outputs of model simulation are shown. In section 4, topics for future empirical research are disclosed. In section 5, concluding remarks are made.
European Call Option Closed-Form Solution
It is assumed that the spot price, S t , of the European call option's underlying asset evolves according to the following geometric Brownian motion:
where µ is the asset's expected return, v t represents the instantaneous variance of the underlying asset's return and W S is a standard Brownian motion. For simplicity, it is assumed, as in Heston (1993) , that the underlying asset does not pay any income during the life of the option (e.g., stock
with no dividends). However, it is well known that it is analytically straightforward to accommodate that feature (see, for example, Taylor (2005) , chapter 14).
The instantaneous standard deviation, √ v t , is assumed to follow an Ornstein-Uhlenbeck process given by:
with κ > 0, σ > 0 (with economic meaning given below) and W v being a standard Brownian motion with an instantaneous correlation ρ with W S , i.e., dW S dW v = ρdt. From Itô's Lemma, the instantaneous variance, v t , follows the process (Appendix 6.1):
which, letting θ =
(as in Heston (1993) ), can be rewritten as the following mean reverting squareroot process:
From (4), it results that k represents the variance mean-reversion parameter, θ is the expected value of variance and σ represents the standard deviation of variance. For simplicity, as in Heston's (1993) base case, a constant interest rate, r, is assumed.
In order to obtain the contingent claim pricing formula through standard arbitrage arguments (e.g., Black and Scholes (1973) and Merton (1973) ), we need a specication for the variance uncertainty price.
In the model of Heston (1993) , where uncertainty is exclusively risk, the variance uncertainty price is proportional to the instantaneous variance. But the existence of ambiguity about the stochastic process of variance (4) motivates the use of a dierent variance uncertainty price specication, theoretically motivated by the general equilibrium model with ambiguity developed in Faria and Correia-da-Silva (2012).
5 As ambiguity is the key novelty of this paper, we describe briey how ambiguity aversion about the stochastic process (4) is considered in Faria and Correia-da-Silva (2012) .
The stochastic process (4) evolves according to a probability measure, P , that describes the dynamics of v t . In the presence of ambiguity about (4), an investor considers contaminations, P h , around the reference belief, P . Those contaminations, representing alternative models for the dynamics of v t , are assumed to be absolutely continuous with respect to P , and, therefore, are equivalently described by contaminating drift processes, h v . 6 Aversion towards ambiguity is introduced by assuming that, in the spirit of Gilboa and Schmeidler (1989) , the representative investor bases his decisions on the worst possible contamination, i.e., the one associated with the lowest expected utility.
7
As a result, under the investment opportunity set given by (1) and (4), from Faria and Correia-daSilva (2012) , the variance uncertainty price specication to be used contains a new component that is not linear on v t , being given by:
where λ 1 and λ 2 ∈ R. In Appendix 6.2 it is explained in detail how the variance uncertainty specication (5) is obtained in the context of the model of Faria and Correia-da-Silva (2012) .
Three comments on (5). First, without ambiguity (λ 2 = 0), the variance uncertainty price is proportional to the instantaneous variance, v t , as in the model of Heston (1993) . In the presence of ambiguity, the variance uncertainty price becomes either a concave or a convex function of the instantaneous level of variance, depending on whether the variance ambiguity price is positive (λ 2 > 0) or negative (λ 2 < 0). Interestingly, recent empirical evidence supports the relevance of non-linear specications of uncertainty prices compared with pure ane settings. For example, Mijatovic and Schneider (2013) introduce a new model for the joint dynamics of the S&P100 Index and VXO implied 5 This is an intertemporal general equilibrium model based on the framework of Cox et al. (1985a) with two correlated state variables, a single production process and logarithmic utility. It is assumed that both state variables impact the expected output rate of the single production process in the economy, but only shocks in one of them are correlated with those in the output rate. Ambiguity about the stochastic process of that state variable is introduced, following the extension of the model of Cox et al. (1985b) made by Gagliardini et al. (2009) . As a particular case of the analysis in Faria and Correia-da-Silva (2012) , it is deducted the equilibrium uncertainty price specication for a setting where unambiguous and ambiguous state variables follow the stochastic processes (1) and (4), respectively, and it is obtained the variance uncertainty price specication to be used in this paper. In Appendix 6.2 this deduction is presented in detail.
6 As explained by Gagliardini et al. (2009) , the analysis is restricted, for tractability, to the class of Markov-Girsanov kernels hv (Y ), where Y is the vector of state variables. Moreover, it is assumed an upper bound for the contaminating drift process hv: h v hv 2η, where η 0 is a parameter representing the level of ambiguity. This bound constrains both the instantaneous time variation and the continuation value of the relative entropy between the reference model, P , and any admissible contaminated model, P h . This guarantees the rectangularity property of the set of priors (see Epstein and Schneider (2003) for the denition of this property and Trojani and Vanini (2004) , p.289, for a detailed explanation supporting the rectangularity property of the set of priors under the setting in Faria and Correia-da-Silva (2012) ).
7 The approach of Gilboa and Schmeidler (1989) , which is the most used in the literature on ambiguity, is sometimes criticized because it apparently implies extreme ambiguity aversion. However, the implied decision criteria may not be so extreme as it seems. The reasoning for this is that the set of priors is not an independent object including all logically possible priors, being instead part of the representation of the concrete problem under analysis. Klibano et al. (2005) developed a setting with smooth ambiguity aversion. However, there is still a debate in the literature about the axiomatic foundations of their model (see Epstein (2010) and Klibano et al. (2012) for a recent exchange on this). volatility index 8 with non-linear specication of variance risk price. Mijatovic and Schneider (2013) conclude that, considering the forecasting power over realized variance, implied variance, and index return, the nonlinear model suggests itself as an alternative to the purely ane models used in the literature.
The second comment is that when the variance approaches zero (v t → 0), its uncertainty price also converges to zero, hence excluding arbitrage opportunities (see, for example, Cheridito et al. (2007) , for a discussion on uncertainty price specications and the existence of arbitrage opportunities).
The third comment is about the economic intuition about the sign of λ 1 and λ 2 . The variance risk price is expected to be negative, implying λ 1 < 0, because an option has a positive exposure to variance changes -higher variance makes option prices higher -so that the expected rate of return on an option is lower under risk neutral pricing than under the physical measure.
9 The sign of the variance ambiguity price is less clear. Following the rationale made above for the variance risk price, the variance ambiguity price should also be negative, implying λ 2 < 0. However, if investors want to be remunerated for the fact of not being totally sure about the variance dynamics (4), independently of the positive payos they may obtain from variance shocks, then λ 2 may be positive.
Additionally, although the specication (5) is theoretically motivated by the model of Faria and Correia-da-Silva (2012) , it should be stressed that the contingent claim pricing results are obtained through a standard arbitrage approach, not depending on the remaining assumptions of that model.
Since there are two Brownian motions, an additional risky asset (one's price depending on variance) is needed to complete the market in order for the no-arbitrage argument to hold. As in Heston (1993) , it is assumed that such an asset exists and that the parameters λ 1 and λ 2 in (5) can be determined from that variance-dependent asset and then used to price all other variance-dependent assets.
We now have all the required inputs to deduce the closed-form solution for the price of a European call option when: (i) the dynamics of the underlying asset's return is given by (1), with variance given by (4); (ii) the representative investor is ambiguous about the stochastic process (4); and (iii) the investor is averse to ambiguity.
Considering the variance uncertainty price given by (5), applying Itô's lemma and making use of the standard arbitrage argument, it results that the price of a contingent claim U (S t , v t , t) has to satisfy the following partial dierential equation (PDE) (Appendix 6.3):
We follow the methodology of Heston (1993) , based on characteristic functions, to obtain the closed-form solution for a European call option with ambiguous stochastic variance.
A European call option with strike price K and maturing at time T satises the PDE (6) subject to the following boundary conditions:
8 The VXO Index from CBOE measures the one-month implied volatility in the S&P 100 Index option prices. For full details on the VXO Index construction methodology please see http://www.cboe.com/micro/vxo/.
9 Higher variance means higher probability of a signicant shock, positive or negative, but the option's asymmetrical payo puts greater weight on positive shocks than negative ones, so the option value is higher.
In the spirit of the Black and Scholes (1973) formula, our guess for the European call option price formula is:
where S t P 1 and Ke −r(T −t) P 2 are the present value of the spot asset price upon option exercise and of the strike-price payment, respectively. Both of these terms have to satisfy (6). Substituting the guess formula (8) into (6), it results that both P j (j = 1, 2) must satisfy the partial dierential equations
given by (Appendix 6.4):
where
, a = κθ, b 1 = κ + λ 1 − ρσ and b 2 = κ + λ 1 . The obtained PDEs (9) are subject to the terminal condition P j (x, v, T ; ln(K)) = 1 {x T ln(K)} (j = 1, 2), so that the option price satises the boundary conditions in (7).
A key issue in the option price formula (8) is to understand the nature of probabilities P j (j = 1, 2), and obtain their analytical expressions. For that, we start from the implied uncertainty-neutral processes of x t and v t :
where the parameters u j , r, a, b j and σ are dened as before, and
It is shown in Appendix 6.5 that, under the uncertainty-neutral processes (10)- (11), probabilities P j (j = 1, 2) are conditional probabilities of the option expiring in-the-money, under dierent probability measures:
From the guess formula (8), it is also clear that P 1 represents the delta of the European call option. However, as highlighted by Heston (1993) , the probabilities P j (j = 1, 2) do not have a straightforward closed-form, but using the conditional characteristic functions of x for each j = 1, 2, denoted f j (x, v, T ; φ) , j = 1, 2, it is possible to obtain that closed-form. The characteristic functions f j (x, v, T ; φ) , j = 1, 2, continue to satisfy PDEs (9), subject to the terminal condition f j (x, v, T ; φ) = e iφx (Appendix 6.5).
The characteristic function solution is:
where τ = T − t and
where ArcT anh represents the hyperbolic arc tangent of the complex number as argument.
It is straightforward to conclude that the model of Heston (1993) corresponds to the particular case of our setting in which λ 2 = 0, i.e., when there is no ambiguity and therefore uncertainty is exclusively risk (Appendix 6.6). This is consistent with the fact that, when λ 2 = 0, PDEs (6) and (9) are the ones in Heston (1993) .
With the known characteristic functions f j (x, v, t; φ) , j = 1, 2, the expressions of probabilities P j (j = 1, 2), are obtained through the inverse Fourier transformation:
The closed-form solution for the European call option, under our setting, is therefore given by equations (8), (13) and (17).
Model Simulation
In this section, we analyze the eect on option prices of ambiguity about the stochastic process of the underlying asset return's variance.
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Under the uncertainty neutralized pricing probabilities, the underlying asset's return variance follows the square-root process:
Model simulations are made under this process, and not the physical one (4). As known from the option pricing literature (e.g., Black and Scholes (1973) and Heston (1993) ), no-arbitrage implies the irrelevance of the expected return of the underlying asset for option pricing, and therefore the process (18) exclusively determines option prices.
In the following simulation, the default calibration is the one used in Heston (1993) . Two reasons motivate this choice. First, in this paper we are not focused on the estimation of the model and consequently we need to use some calibration from the literature.
11 Second, as our option price model 10 The computation of the integrals in (17) is done through numerical integration, using an adaptive Gauss Lobatto rule.
11 There is an extensive literature on Heston's model calibration (e.g., Mikhailov and Nogel (2003) , Zhang and Shu (2003) and Guillaume and Schoutens (2012) ).
is an extension of Heston (1993) , his calibration is the natural candidate as it allows a comparative analysis. The default parameters values for the model implementation are presented in Table 1 : The specication (5) for the variance uncertainty price implies that an additional parameter has to be calibrated: λ 2 . We maintain λ 1 = 0, as in Heston (1993) , which implies a null variance risk price. Under the equilibrium specication for λ 1 in the model of Faria and Correia-da-Silva (2012) , presented in Appendix 6.2, λ 1 = 0 when: (i) the variance is deterministic; (ii) the output rate of the economy is deterministic; or (iii) there is no correlation between shocks in the variance and in the output rate of the economy. In each of this scenarios, it is immediate to conclude that the motivation to hedge against adverse variance shocks (when they exist) disappears, which consistently implies a zero price for the variance risk.
With λ 1 = 0, we run simulations for dierent values of λ 2 , which enables the isolation of the ambiguity eect on option pricing. The issue is how to calibrate λ 2 . Alongside the well documented diculties in estimating parameters in stochastic volatility models, the calibration of λ 2 has an extra diculty: it reects the ambiguity faced by the representative investor, and estimating ambiguity is in itself a challenging task (see, for example, Maenhout (2006) ).
In such context, we adopt a simple approach in order to get a qualitative perception of the impact of ambiguity about stochastic variance on option pricing: we simulate the option pricing model with arbitrary values for λ 2 (as in Trojani and Vanini (2004) ). In order to sort out those values, we consider the comment in Gagliardini et al. (2009) regarding the entropy-bound (η) for model contaminations, which is an indirect measure of the ambiguity level: it should not imply a too wide discrepancy between the reference model P and alternatives P h . By other words, it should be a small number. Having said this, we simulate our option pricing model with three values forλ 2 : −0.02, 0 and 0.02. 12 Heston's scenario corresponds to λ 2 = 0 (no ambiguity).
At a rst stage, the simulation analysis is focused on the dierence between the European call option prices obtained from our model and from the Black-Scholes (B-S) model with comparable volatility.
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The volatility parameter used in the B-S model is obtained in the following way. The process (18) is simulated n times (in our case n = 100), resulting from each simulation an average variance. Then, the average of those n average variances is calculated. The square root of that average value is the volatility parameter input for the B-S option price computation.
12 The η value implied by all calibrations in Gagliardini et al. (2009) is lower than 0.0136. Using the equilibrium specication λ 2 = ±σ 2η (1 − ρ 2 ) from Faria and Correia-da-Silva (2012) , presented in Appendix 6.2, λ 2 = ±0.02 and σ = 0.1 (Table 1) imply η = 0.02 and η = 0.027, for ρ = 0 and ρ = ±0.5 respectively. With σ = 0.2, which we will use under some simulations, the implied η value is 0.005 and 0.007, for ρ = 0 and ρ = ±0.5 respectively. Note that those values for η can be taken as a reference without introducing any kind of bias in our analysis. This is because, as explained in section 2, the diusion dimension of contaminated processes is unchanged vs. non-contaminated processes (only the drift functions are aected).
13 In the literature, the term volatility sometimes is used as variance and other times as standard deviation. In this simulation, following Heston (1993) terminology, volatility is the square root of variance, i.e., means standard deviation.
The B-S model assumes constant variance and a normal distribution of the underlying asset return.
However, as it is well documented in the literature, nancial returns in general are skewed and show greater kurtosis that the normal distribution allows. The following analysis, as that of Heston (1993) , is therefore centered in two parameters of the investment opportunity set that directly impact the skewness and the kurtosis of the underlying asset return distribution: ρ and σ, respectively.
We start by analyzing the dierence between the option prices generated by our model and the B-S model when a non-zero correlation ρ between shocks in variance and return is allowed. A positive value of ρ implies a positive skewness of the spot return distribution: if there is a higher variance when spot asset price rises, then a fatter right tail of the spot return distribution is generated. The opposite happens when ρ < 0.
For a complete spectrum of option moneyness (spot prices S from 75 to 135), Figure 1 discloses the option price dierences when ρ = −0.5 and ρ = 0.5 and, for each of the ρ values, considering the three possible values for λ 2 . Note: Price Dierence is the dierence between option prices from our stochastic variance model and from the Black-Scholes model with equal volatility to option maturity; Except for ρ and λ2, parameter values are those in Table 1 .
The rst conclusion from Figure 1 is that, for both values of ρ, the introduction of ambiguity aversion about the stochastic variance process does not change the shape of the curve presented in Heston (1993) representing the dierences between the option prices from a stochastic variance model and from the B-S model with comparable volatility. For a positive correlation (ρ = 0.5) between shocks in the spot asset return and in its variance, the prices of out-of-the-money (OTM) options are higher than those obtained in the B-S model, and lower for in-the-money (ITM) options. The contrary happens when the correlation is negative (ρ = −0.5).
However, Figure 1 also shows that, for both values of ρ and from far OTM to far ITM moneyness spectrum, when ambiguity is considered, the graphical representation of option prices dierences shifts upwards when λ 2 = 0.02 and downwards when λ 2 = −0.02. The conclusion is that ambiguity about the variance stochastic process implies a relative increase of option prices generated by our model (versus B-S option prices with comparable volatility) when the variance ambiguity price is positive, and a decrease of option prices when the variance ambiguity price is negative.
We now analyze the impact from changes in σ, the standard deviation of variance, on the dierence between option prices obtained through our model and the B-S model with comparable volatility. When σ = 0, the variance is deterministic and spot returns have a normal distribution. When σ > 0, as it is assumed in our setting, the kurtosis of the spot return distribution increases.
We use the default parameters in Table 1 Note: Price Dierence is the dierence between option prices from our stochastic variance model and from the Black-Scholes model with equal volatility to option maturity; Except for σ and λ2, parameter values are those in Table 1 .
It can be seen that when there is no ambiguity (λ 2 = 0), as in Heston (1993) , the price of far OTM and far ITM options increases versus B-S prices with comparable volatility, and the opposite happens for near-the-money options. Figure 2 also shows that when ambiguity is considered, for both σ values under analysis, there is a relative increase of option prices from far OTM to far ITM moneyness spectrum when the variance ambiguity price is positive (λ 2 = 0.02) and the opposite when it is negative.
Note that in both Figure 1 and Figure 2 there is convergence between option prices from our stochastic variance model and the B-S model when the underlying asset spot price converges to zero or increases innitely. This is expectable as, when the underlying asset price decreases, the call price tends to zero, and when the underlying asset price increases, the call price tends to the dierence between the underlying asset spot price and the option strike price (Rouah and Vainberg (2007) , ch.10).
Until now, the analysis has been focused on the dierence between option prices given by our model and by the B-S model with comparable volatility. However, as the same absolute price dierence can have dierent meanings, it is convenient to analyze the implied volatility curve. This is done by making use of the one-to-one relationship between volatility and call option prices: option prices generated by our model are introduced in the B-S formula to obtain the implied volatility.
If ρ < 0, the underlying asset return distribution is negatively skewed, which, in consistency with the option price dierences disclosed in Figure 1 , corresponds to an upward smirk shape of the implied volatility curve from option prices. This happens when ambiguity is null. When ambiguity is considered, this upward smirk of the implied volatility curve remains unchanged but the curve moves slightly downwards (for all moneyness spectrum) when the variance ambiguity price is positive, and the contrary when it is negative, as illustrated in Note: Implied volatility is obtained by considering the option price generated by our model into the B-S formula and then calculating the implied volatility input; Except for ρ and λ2, parameter values are those in Table 1 . The B-S volatility input with (λ2 = −0.02; σ = 0.1) is 10.5%, with (λ2 = 0; σ = 0.1) is 10% and with (λ2 = 0.02; σ = 0.1) is 9.5%.
When σ > 0, the kurtosis of the spot return distribution increases which, in consistency with the option price dierences disclosed in Figure 2 , corresponds to a smile shape of the implied volatility curve from option prices. This happens when ambiguity is null. When ambiguity is considered that smile shape is kept but the implied volatility curve moves slightly downwards (for all moneyness spectrum) when the variance ambiguity price is positive, and the contrary when it is negative. This is illustrated in Figure 4 .
14 When ρ > 0, the implied volatility curve has a downward smirk shape. Although not disclosed here, simulations run for ρ = 0.5 imply exactly the same conclusions as those obtained with ρ = −0.5 regarding the introduction of ambiguity. Note: Implied volatility is obtained by considering the option price generated by our model into the B-S formula and then calculating the implied volatility input; Except for λ2, parameter values are those in Table 1 . The B-S volatility input with (λ2 = −0.02; σ = 0.1) is 10.5%, with (λ2 = 0; σ = 0.1) is 10% and with (λ2 = 0.02; σ = 0.1) is 9.5%.
From Figures 3 and 4 , it is immediate to conclude that, with the variance uncertainty price specication (5), when ambiguity aversion about the variance stochastic process is considered option prices decrease versus a scenario with stochastic variance without ambiguity when the price for that ambiguity is positive (and the contrary when it is negative). Moreover, considering the vertical scale of
Figures 3 and 4 and the small shifts between implied volatility curves, we conclude that, for this model calibration, the magnitude of the impact on prices is small.
This simulation is done with the exclusive purpose of numerically illustrating how ambiguity consideration and changes in its market price would aect the pricing and implied volatility of the option.
However, this is just an illustration: we present in the next section some empirical research topics, related with our option-pricing model, that we believe will be interesting to address in future research.
Directions for Empirical Research
One topic that is worth investigating is the estimation of the option pricing model presented in section 2 and the test of its ability to forecast realized variance, implied variance and underlying asset returns.
Comparing the in and out of sample performance of the model with ambiguity with the performance of the models without ambiguity (e.g. Black and Scholes (1973) and Heston (1993) ), could be extremely useful to disentangle the ambiguity eect on option pricing and implied volatility patterns from that of extra skewness and kurtosis from the stochastic variance and the correlation between variance and return shocks.
Another topic for empirical research that would be interesting to explore is the link between ambiguity and the variance premium literature. There is extensive evidence in the literature concerning the fact that option-implied variance for a certain maturity tends to be higher than the physical expectation of realized variance for that period of time (see, for example, Todorov (2010) and Drechsler and Yaron (2011) ). This spread is commonly designated as the variance premium. This is particularly relevant at the index level, as there is evidence of relatively small variance risk premium in individual stock options (see, for example, Bakshi and Kapadia (2003) , Driessen et al. (2009) and Carr and Wu (2009) ). This is an important stylized fact to be understood, namely for the design of variance trading strategies (e.g., Eglo et al. (2010) ), optimal portfolio decisions and risk management policies.
The relationship between ambiguity and variance premium has been studied in Drechsler (2011) and Miao et al. (2012) . In both studies, an equilibrium model with ambiguity, under dierent settings, generates an endogenous variance premium, leading to the conclusion that ambiguity aversion has a strong explanatory power of the variance premium. Considering and estimating an option pricing formula that explicitly accounts for ambiguity could be an additional contribution to this literature.
We are aware that previous literature on the variance premium provides explanation for the direction and magnitude of the risk variance. For example, Carr and Wu (2009) conclude that a major part of the variance premium is generated by independent variance risk factor, while Bollerslev and Todorov (2011) show that fears of rare events account for a large fraction of the premium. The relevant research topic would therefore be to empirically isolate those contributions and show under what conditions the contribution from ambiguity is signicant.
15
Additionally, as future empirical research topics based on the results obtain in this paper, we highlight the estimation of (i) the option's implied variance ambiguity price (adjusting the obtained pricing formula for the case in which the underlying asset pays some income during the life of the option) and (ii) the option's implied ambiguity level, studying its dynamics and empirical strength as market leading indicator (at least for the market of that option's underlying asset). We believe this latter information could be relevant not only for investors but also for policy makers.
Concluding Remarks
We extended the option pricing model of Heston (1993) by considering ambiguity about the variance stochastic process. A new variance uncertainty price specication is used for the deduction of the option pricing formula. It contains two components: the variance risk price, which is proportional to the instantaneous variance, v t , and the variance ambiguity price, which is proportional to the instantaneous standard-deviation, √ v t . This specication is theoretically motivated by the general equilibrium model in Faria and Correia-da-Silva (2012) . The model of Heston (1993) is obtained as a particular case when uncertainty is exclusively risk.
The main result of the paper is a closed-form solution for the price of a European call option when the underlying asset return's variance is stochastic, correlated with the asset spot return, and there exists ambiguity (aversion) about the variance stochastic process.
Analyzing the impact of correlation between shocks in the spot asset return and its variance and of the variance of variance, we conclude that when the variance ambiguity price is positive, ambiguity about the variance stochastic process implies, across all moneyness levels, a relative increase of option prices generated by our model versus those obtained under the Black and Scholes (1973) model with comparable variance. The opposite happens when the variance ambiguity price is negative.
Moreover, we conclude that when the variance ambiguity price is positive, ambiguity about the variance stochastic process induces a decrease on option prices versus a scenario with stochastic variance and no ambiguity. The contrary happens when the variance ambiguity price is negative.
The implied volatility curve from our model has a smirk shape, when the correlation between shocks in price and variance is non-zero, and a smile shape, when the variance of variance is non-zero.
When the variance ambiguity price is positive, there is a downwards shift of the implied volatility curve when ambiguity is considered, for all option's moneyness spectrum.
Considering that, for the used calibration, implied volatility patterns do not change dramatically between Heston (1993) model and our option pricing model with ambiguity, this suggests that the linear specication of variance uncertainty price that has been widely used in the literature is qualitatively robust. However, as shown by Mijatovic and Schneider (2013) , introducing a non-linear specication of 15 We are grateful to an anonymous referee for those suggestions.
variance uncertainty price delivers more interesting empirical results: this paper endorses an ambiguity based motivation to use a particular non-linear specication.
A group of empirical research topics that could be interesting to explore in the future on the back of the option pricing model developed in this paper are pointed out. In addition to this group, we highlight the pricing and hedging of variance and volatility derivatives (including variance and volatility swaps)
considering ambiguity about the stochastic variance process as a very interesting topic to address in the future.
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6 Appendices 6.1 Equation (3) From (2) 
which is (3).
Variance Uncertainty Price Specication (5)
In this appendix it is explained how the variance uncertainty price specication (5) There is a single physical good in the economy, that the representative agent can consume or reinvest in the stochastic production process, Q t . The economy's output rate is driven by two correlated state variables, S t and v t , as follows:
where g Q (S t , v t )dt is a generic expression for the drift function, l > 0 and W Q is a standard Brownian motion. The dynamics of the state variables are given by (1) and (4) for S t and v t , respectively. The representative agent is ambiguous only about (4).
It is assumed that both state variables potentially impact the expected output rate, and therefore are inputs of the drift function g Q (S t , v t )dt, but only v t has shocks that are correlated with those of the output rate. The instantaneous correlation between dQt Qt and dv t is ρ 2 (dW Q dW v = ρ 2 dt). It is assumed that ρ, ρ 2 ∈ ]−1, 1[ (i.e., perfect correlations are excluded), where ρ stands for the instantaneous correlation between dS t and dv t (section 2). It is also assumed that ρ 2 < 1 − ρ 2 so that the investment opportunity set given by (19), (1) and (4) 16 We thank Alejandro Balbás for this suggestion.
Additionally, as explained in section 2, in the presence of ambiguity about (4), the representative agent considers contaminations, P h , around the reference belief, P , which are assumed to be absolutely continuous with respect to P . This implies that alternative models, P h , are equivalently described by contaminating drift processes h v . In each alternative model the Brownian motion becomes Z h (t) = ∼ Z(t) +´t 0 h (s) ds. As in Gagliardini et al. (2009) , the admissible contaminating drift process is restricted to be h = h Q h S h v = 0 0 h v . The class of admissible Markovian drift contaminations satisfying this restriction and the entropy bound (h h 2η) referred in footnote 6 is denoted by H.
Under an admissible contamination, P h , the investment opportunity set is therefore described by:
under the assumption that ρ 2 < 1 − ρ 2 .
The intertemporal budget constraint faced by the representative agent is given by:
where W t and C t represent wealth and consumption at time t and the output rate dynamics dQt Qt is as given in (20).
The problem of the non-ambiguous representative agent is to nd the optimal consumption strategy, C : [0, +∞[→ R + , that maximizes his expected intertemporal utility. As in the setting of Cox et al. (1985a) , the optimal consumption strategy is nanced by allocating all the wealth to the production process and none to nancial assets (which are in zero net supply). This implies that the only relevant control variable, for the non-ambiguous agent, is the consumption ow process.
However, the representative agent is ambiguous about the dynamics of v t . This implies that a set of probability measures, P h , has to be considered when assessing his expected utility. The existence of ambiguity, and aversion towards that ambiguity, implies that the solution of the representative agent's problem also involves solving for the most adverse contaminating drift process h ∈ H.
The ambiguity averse representative agent, assumed to have a logarithmic instantaneous utility function, solves the following Maxmin expected utility program:
subject to the dynamics of state variables S t and v t , given in (20), and to the dynamic budget constraint (21). The operator E h denotes expectations under the measure P h , δ > 0 is the subjective rate of discount of the representative agent, and 
, where J vt is the gradient of the value function with respect to the ambiguous state variable v t . The equilibrium price of uncertainty associated to v t , λ (v t ), is given by:
Note that the equilibrium price of uncertainty associated to S t is zero, which should not be a surprise, considering that there is no ambiguity about the dynamics of S t and that its shocks are uncorrelated with those of the output rate.
From (23), by dening λ 1 ≡ σlρ 2 and λ 2 ≡ ±σ 2η (1 − ρ 2 ), the equilibrium price of uncertainty associated to v t , λ (v t ), can be rewritten as:
which is the variance uncertainty price specication (5). Observe that if there is no ambiguity (η = 0) then λ 2 = 0. Therefore, the equilibrium price of uncertainty (24) can be split into two parts: equilibrium risk price, given by λ 1 v t , and equilibrium ambiguity price given by λ 2 √ v t .
6.3 Equation (6) The uncertainty neutral dynamics for S t and v t are given by:
where the drift in (25) is the risk free rate instead of the expected return µ as given in (1), in consistency with no-arbitrage arguments, and (26) has a drift adjustment given by the variance uncertainty price specication (5).
Applying Itô's Lemma, the dynamics of U (S t , v t , t) are given by:
where:
Equation (27) can, therefore, be written as:
The equity value of a hedged position is given by (see, for e.g., Black and Scholes (1973) ):
is the number of options to buy. The change in the equity value of the hedged position (which is not a perfectly hedged position due to market incompleteness -see footnote 1) is given by:
which, from (28), equals:
Considering the no-arbitrage argument that the change in the equity value of the hedged position must be equal to the time eect (r dt) on the value of that position, one obtains:
Taking expectations on both sides of this equation (E(d ∼ W v ) = 0) and eliminating the common term dt, we obtain:
which is the partial dierential equation (6).
6.4 Equation (9) We prove that substituting (8) into (6) implies that probabilities P j (j = 1, 2) satisfy the PDEs (9).
We analyze individually each of the terms in (8).
Starting with the rst one and letting U 1 = S t P 1 , one gets:
As U 1 = S t P 1 must satisfy the PDE (6), then:
Making x t = ln (S t ), one obtains:
With those results, equation (29) becomes:
which is equation (9) when j = 1.
Regarding the second term in (8), the procedure is the same. Letting U 2 = Ke −r(T −t) P 2 , one gets:
As U 2 = Ke −r(T −t) P 2 must satisfy the PDE (6), then:
With x t = ln (S t ), and using results (30), equation (31) becomes:
which is equation (9) when j = 2.
Characteristic Functions
We follow closely the explanation in Heston (1993) , in order to: (i) prove that P 1 and P 2 are two conditional probabilities, under dierent measures, that the option expires in-the-money; (ii) obtain the expression of the characteristic function (13).
Assume that x t and v t follow the uncertainty-neutral processes (10)-(11). Consider a function f (x, v, t) that is a conditional expectation of some other function g of the realizations of x and v at the maturity date T :
The terminal condition is implicit in the denition (32):
From Itô's Lemma, f (x, v, t) dynamics is given by:
= dt and considering the uncertainty-neutral dynamics (10)-(11), one obtains:
Introducing these results in equation (34), it becomes:
Considering that, by iterated expectations, f (x, v, t) must be a martingale, then E (df ) = 0. Taking expectations on both sides of equation (35), one obtains:
We are now ready to obtain the desired proofs.
6.5.1 P 1 and P 2 are conditional probabilities that the option expires in-the-money
Comparing equations (9) and (36), it is immediate to conclude that, when x t and v t follow the uncertainty neutral processes (10)-(11), probabilities P j (j = 1, 2), and function f satisfy the same PDE.
Recalling the terminal condition imposed by (33), it is immediate to conclude that g = 1 if the option expires in the money and g = 0 otherwise, that is:
Then, the solution of (36) is the conditional probability at time t that the option expires in-the-money:
as we wanted to prove. Distinct dynamics under each of the uncertainty neutral measures corresponding to P 1 and P 2 result from dierences between the specications of u j and b j (j = 1, 2) in (9), proved above (6.4), and also explained in Taylor (2005) , p. 396.
Characteristic Function (13)
If g (x, v) = e iφx , the solution of equation (36) is the characteristic function of x = ln (S) (Heston (1993) ). We guess the following functional form for the characteristic function:
f (x, v, t; φ) = e C(T −t;φ)+D(T −t;φ)vt+E(T −t;φ) √ vt+iφx .
This guess is close to that of Heston (1993) , with the dierence being a new term E (T − t; φ) √ v t within the exponential argument. This new term results from the introduction of ambiguity aversion about the stochastic variance process.
The purpose is to obtain the expressions of C (T − t; φ) , D (T − t; φ) and E (T − t; φ). From (37): 
Equalizing the rst coecient and each of the others associated to v t , √ v t , 1 √ vt to zero, equation (39) is equivalent to the system of the following four equations:
Since a = κθ (9) and θ = σ 2 4κ (4), equation (43) is always veried, and can therefore be ignored.
Consequently the relevant system to be solved in order to obtain the analytical expression of the characteristic functions is composed by the three dierential equations (40)- (41)-(42) subject to C(0; φ) = D(0; φ) = E(0; φ) = 0.
To solve this system, we start by noting that the non-linear dierential equation (41) is the same as in Heston (1993), p. 341. 18 As this equation only depends on D, the solution of Heston (1993) for this equation continues to apply. We therefore have:
where τ = T − t and:
In order to obtain the expression for E (τ ; φ), we start by substituting the expression for D(τ ; φ) into equation (42):
as τ = T − t ⇒ ∂E ∂τ = − ∂E ∂t . Equation (45) is a linear non-homogeneous rst order dierential equation, whose solution is known to be of the type (Hille (1976) ):
E (τ ; φ) = E H (τ ; φ) + E P (τ ; φ) ,
where E H (τ ; φ) and E P (τ ; φ) are the general solution of the homogeneous equation and a particular solution of the complete equation (45), respectively. Consider two new functions, p (τ ; φ) and q (τ ; φ), dened as:
Additionally, let P (τ ; φ) be a primitive of p (τ ; φ). Expressions for E H (τ ; φ) and E P (τ ; φ) are given by:
E H (τ ; φ) = ϑe −P (τ ;φ) , E P (τ ; φ) = −e 
It remains to obtain the analytical expression of P (τ ; φ). 
Expression (48) satises the condition E(0; φ) = 0. 
